Rules for integrands of the form (cx)" (ax? + bx")"

1: Jx'" (ax? +bx")?dx whenp¢z A j#n A f}ez Am-n+1==0

Derivation: Integration by substitution
Basis: x1 F[x"] == %Subst[F[x], X, X"] 9y x"
Rule:ifpgz A j#n A lez Am-n+1=a0,then

jx’" (axd+bx")Pdx — Jx'“ (a (x")j/" + bx")pdlx — lSubst[j(a X3/ 4 bx)pdlx, X, x"]
n

Program code:

Int[x_Am_.(a_.*x_"j_.+b_.#x_"n_)"p_,x_Symbol] :=
1/n+Subst [Int[ (axx"Simplify[j/n]+bxx)~p,x],x,x*n] /;
FreeQ[{a,b,j,m,n,p},x] && Not[IntegerQ[p]] && NeQ[n,j] && IntegerQ[Simplify[j/n]] && EqQ[Simplify[m-n+1],0]

2: J.(cx)'“(axj+bx")pdlx whenp¢z A j#n Am+np+n-j+1=0 A (jez v c>0)

Derivation: Generalized binomial recurrence 2a

Rule:lf p¢Z Aj+n Am+np+n-j+1=0 A (je€Z V c>0),then
cI-1 (cx)mi+t (axj+bx")erl

a(n-3) (p+1)

j(cx)“‘ (axd +bx")Pdx — -

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.) p_,x_Symbol] :=
-c” (J-1) # (c*x) A (m-3+1) * (axx j+bsxrn) A (p+1) / (ax (n-3) * (p+1)) /;
FreeQ[{a,b,c,j,m,n,p},x] & Not[IntegerQ[p]] && NeQ[n,j]| & EqQ[m+nxp+n-j+1,0] && (IntegerQ[j] || GtQ[c,0])



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

3. j(c X)m (a Xj +bXn)pd1X when PEZ A j¢n A m+nEn+_r;._j+1 cz-

1: J(cx)m(axj+bx")pdx whenp¢z A j#n A &%P—leZ‘A p<-1A (jez v c>e)

Derivation: Generalized binomial recurrence 2b

Note: This rule increments M%y—l by 1 thus driving it to @.

Rule:lf peZ A j#n A M‘%jieZ’/\ p<-1A (jezZ V c>0),then

c3-1 (c x)mi+t (axj+bx")‘”1 d(menpen-j+1
+

) J(c x)"3 (a xj+bx")p+1d1x
a(n-j) (p+1) a(n-j) (p+1)

J(cx)’“ (axd+bx")Pdx — -

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.) p_,x_Symbol] :=
-c” (J-1) # (c*x) A (m=F3+1) * (axx*J+bsx"n) A (p+1) / (ax (n-3) * (p+1)) +
c jx (m+n*p+n—j+1)/(a* (n-j) * (p+1) ) *Int [ (c*x)"(m-j) * (a*x"j+b*x"n)"(p+1) ,x] /38
FreeQ[{a,b,c,j,m,n},x] && Not[IntegerQ[p]] && NeQ[n,j] && ILtQ[Simplify[ (m+nxp+n-j+1)/(n-j)],0] && LtQ[p,-1] && (IntegerQ[j] || GtQ[c,O])



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p 3

2: J(cx)'“(axj+bx")pdlx whenpé¢zZ A j#n A u'::_%j*—leZ‘A m+jp+1#0 A ((j|n)ez v c>o)

Derivation: Generalized binomial recurrence 3b

Note: This rule increments M%J*—l by 1 thus driving it to ©.

Rule:lf p¢Z A j+n A M’ﬁ'ﬂezv\ m+jp+1+0 A ((j|n)ezZVc>0),then

j-1 m-j+1 3j b x" p+1 b s 1 ' '
J(cx)'“ (axd+bx')P dx — I (e x) (ax3 +bx") i (m+.np+n j+1) J'(cx)mm_J (ax? +bx")P dx
a(m+jp+1) ac"J (m+jp+1)

Program code:

Int[ (c_.*x_)™m_.x(a_.*x_"J_.+b_.#x_"n_.)"p_,x_Symbol] :=
€ (3-1) % (cxx) A (m-F+1) » (axx j+bxx n) A (p+1) /(ax (m+jxp+1)) -
bx (mtnxp+n-j+1) /(axcA (n-3) # (m+jxp+1) ) +Int[ (c*x)~ (men-3j) » (axx j+bxx n)~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & Not[IntegerQ[p]] && NeQ[n,j] && ILtQ[Simplify[(m+n*p+n—j+1)/(n—j)],e] 8& NeQ[m+jxp+1,0] && (IntegersQ[j,n] || GtQ



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

3:J}cnm(aﬂ+bxwpdeMmpeZ;\j#nA u%iiieZ‘AC$0

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

cIntPart[m] (c x) FracPart[m]

Basis; «x® ..

XM xFracPart[m]

Rule:lff pgZ A j+n A M';]*_%‘*LleZ*/\c;ae,then

cIntPart(m] (¢ yyFracPart(n]

J(cx)"‘(axj+bx")pdlx—> Jx“‘ (axd +bx") dx

xFracPart[m]

Program code:

Int[ (c_»x_)"m_.%(a_.*x_"j_.+b_.*x_"n_.)"p_,x_Symbol]| :=
c~IntPart [m] = (cxx) ~FracPart[m] /x"FracPart [m] +Int [x"m« (a*x"j+bxx"n)~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & Not[IntegerQ[p]] & NeQ[n,j]| && ILtQ[Simplify[(m+nsp+n-j+1)/(n-3)],0]



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p
4. j(cx)"‘ (ax? +bx")?dx whenpé¢z A j#n A -;Lez A %ez Anzl

1: Jx'" (axj+bx")pdlx whenpe¢z A j#n A i—ez A %ez An2z1l

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n

n

Note:If nez A m;1 € Z,thenm € Z,and (c x)™automatically evaluates to c™ x™.

Rule:if pgz A j#n A lez A ™ ez An?#1,then

n

jx’" (a x3 +bx")pd1x — lSubst[I 1 (a LN bx)pdlx, X, x"]
n

Program code:

Int[x_"m_.(a_.*x_"j_.+b_.*xx_"n_)"p_,x_Symbol] :=
1/n+Subst [Int[x” (Simplify[ (m+1) /n]-1)« (axx Simplify[j/n]+bxx)~p,x],x,x n] /;
FreeQ[{a,b,j,m,n,p},x] && Not[IntegerQ[p]] && NeQ[n,j] && IntegerQ[Simplify[j/n]] && IntegerQ[Simplify[(m+1)/n]] & NeQ[n"2,1]

2: j(cx)'" (axj+bx")pdlx whenpé¢zZ A j#n A -}ez A" ez An?zl

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

BaSiS' (c x) m . cIntPar‘t[m] (c X) FracPart[m]
. ==
XM

xFracPart [m]

Rule:lf pez A j#n A lez n ™ ez An?#1,then

n



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

cIntPar‘t[m] (C X) FracPart[m]

J(cx)’"(axj+bx")pd1x—> Jx“‘ (axd +bx")?dx

xFracPart[m]

Program code:
Int[ (c_»x_)"m_.%(a_.*x_"j_.+b_.#x_"n_) p_,x_Symbol] :=

cAIntPart[m] * (cxx) *FracPart[m] /x"FracPart [m] +Int [x"m+ (a*x"j+bxx"n)~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & Not[IntegerQ[p]] & NeQ[n,j]| && IntegerQ[Simplify[j/n]] && IntegerQ[Simplify[(m+1)/n]] && NeQ[n~2,1]

5. J-(cx)'“(axj+bx")pd1x whenp¢z A @8<j<n A ((j|n)ez Vv c>0)
1. J(cx)'“(axj+bx")pdlx whenp¢z A @<j<n A ((j|n)ez Vv c>0) Ap>0

1: J(cx)m(axj+bx")pdx whenp¢z A @<j<n A ((j|n)ezVvc>0) Ap>0@Am+jp+1l<o

Derivation: Generalized binomial recurrence 1a

Rule:lf pgz A@<j<n A ((J|n)e€ezVvec>0) Ap>0Am+jp+1<0,then

(cx)™! (ax3+bx")? bp (n-3)

J(c x)" (ax? +bx")Pdx — ] J(c x)™" (ax3 +bx")'°_1d1x

c(m+jp+1) " (m+jp+1

Program code:

Int[(c_.#x_)™m_x(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
(c*x)"(m+1)*(a*x"j+b*x"n)"p/(c* (m+j*p+1)) -
bxpx (n-3) / (cAnx (m+jxp+1) ) xInt[ (cx) A (m+n) * (axx*j+bxx"n) A (p-1) ,x] /;
FreeQ[{a,b,c},x] && Not[IntegerQ[p]] && LtQ[@,j,n] && (IntegersQ[j,n] || GtQ[c,0]) & GtQ[p,0] && LtQ[m+j+p+1,0]



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

2: J-(cx)"‘(axj+bx")pdlx whenp¢z A @<j<n A ((J|n)ezVvec>0) Ap>@Am+np+1#80

Derivation: Generalized binomial recurrence 1b

Rule:lf peZ AN@<j<nA ((J|n)ezVvec>0) Ap>0 Am+np+1+80,then

(ex)™* (axd +bx")P ap (n-3j)
+

chxﬂ(axj+bxﬂpdx-a J}cxﬂd(axj+bﬂ)wldx

c(m+np+1) cdmenp+1)

Program code:

Int[ (c_.*x_)™m_.x(a_.*x_"J_.+b_.#x_"n_.)"p_,x_Symbol] :=
(c*X) A (M+1) % (axx j+bxx"n) Ap/ (cx (M+nxp+1)) +
ax (n-3) #p/ (cAj* (menxp+1) ) xInt[ (cxx) A (m+3) # (axx*j+bxx"n) A (p-1) ,x] /;
FreeQ[{a,b,c,m},x] & Not[IntegerQ[p]] && LtQ[@,j,n] && (IntegersQ[j,n] || GtQ[c,0]) && GtQ[p,0] & NeQ[m+n«p+1,0]



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

2. J(cx)'"(axj+bx")pdlx whenp¢z A @<j<n A ((j|n)ez Vv c>0) Ap<-1

1: J(cx)m(axj+bx")pdx whenp¢z A @<j<n A ((jJ|n)ezVc>0) Ap<-1AmM+jp+l>n-j

Derivation: Generalized binomial recurrence 2a

Note: If Mﬁ’:ﬁy—l € 7~ following ruleis used todrivem + n p + n - j + 1 to zero instead.

Rule:lf pez A@<j<n A ((J|n)e€ezZVec>0) Ap<-1Am+jp+1>n-7j,then

. n-1 m-n+1 3j b x" p+1 n . _ . 1 .
J(CX)m (aXJ+bXn)pd]X—) ¢ (CX) (ax * X) _c (m+JP n+Jj+ ) J(CX)M-" (axJ+bxn)P+1d1x
b(n-3) (p+1) b(n-3) (p+1)

Program code:

Int[(c_.#x_)™m_.*(a_.*x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=
c"(n-1)*(c*x)"(m-n+1)*(a*x"j+b*x"n)"(p+1)/(b* (n-j)*(p+1)) -
crnx (mejp-n+j+1) /(bx (n-3) # (p+1) ) #Int [ (c*x) ~ (m-n) » (axx"j+bxx n)* (p+1) ,x]| /;
FreeQ[{a,b,c},x] & Not[IntegerQ[p]] && LtQ[0@,j,n] & (IntegersQ[j,n] || GtQ[c,0]) && LtQ[p,-1] & GtQ[m+j#p+1,n-j]



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

2: J(cx)"‘(axj+bx")pdlx whenp¢z A 8<j<n A ((j|n)ezVvc>0) Ap<-1

Derivation: Generalized binomial recurrence 2b

Rule:lf peZ A@<j<nA ((J|n)ezZVc>0) Ap<-1,then

. j-1 m-j+1 3j b x" p+1 5 Y . .
‘J‘(CX)m(aXJ+bXn)pd]X—> —c (€x) (ax * X) +C (m+np+n I+ ) j(cx)m-J (aXJ+bXn)p+1d]x
a(n-j) (p+1) a(n-j) (p+1)

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.) p_,x_Symbol] :=

—c”(3-1) % (c*x) A (m-F+1) » (axx*j+bxx~n) ~ (p+1) / (a* (n-3) * (p+1) ) +

c jx (m+n*p+n—j+1)/(a* (n-j) * (p+1) ) *Int [ (cxx)” (m-j) * (a*x"j+b*x"n) A (p+1) ,x] /38
FreeQ[{a,b,c,m},x] & Not[IntegerQ[p]] && LtQ[0,j,n] && (IntegersQ[j,n] || GtQ[c,0]) && LtQ[p,-1]

3: j(cx)m(axj+bx")pdx whenp¢z A @<j<n A ((j|n)ezVvec>0) Am+jp+i>n-jAm+np+1#0

Derivation: Generalized binomial recurrence 3a

Rule:lf peZ A@<j<nA ((J|n)ezVvec>0) Am+jp+1l>n-jAm+np+1+0,then

) ™t (ex)™™ (axd+bx")™ ac™I (m+jp-n+je1) ) ,
~J‘(c )" (ax) +bx")Pdx — - j(cx)’"‘““” (ax? +bx")?ax
b(m+np+1) b(m+np+1)

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.) p_,x_Symbol] :=
€M (N-1) % (C*X) A (M-n+1) % (a*x j+bxx"n) A (p+1) / (bx (M+nxp+1)) -
a*c’\(n—j)*(m+j*p—n+j+1)/(b*(m+n*p+1))*Int[(c*x)"(m—(n—j))*(a*x"j+b*x"n)"p,x] /3

FreeQ[{a,b,c,m,p},x] && Not[IntegerQ[p]] & LtQ[0,j,n]| && (IntegersQ[j,n] || GtQ[c,0]) && GtQ[m+jxp+1-n+j,0] && NeQ[m+n«p+1,0]



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

4: J(cx)'“(axj+bx")pdlx whenp¢z A @<j<n A ((jJ|n)ezVvec>0) Am+jp+1<0

Derivation: Generalized binomial recurrence 3b

Rule:lff peZ AN@<j<nA ((J|n)ezvVvc>0) Am+jp+1<0,then

) c3-1 (c x)mi+t (axj+bx")‘”1 b(m+np+n-j+1) , ,
J(c )" (ax) +bx")Pdx — - . J(c x)™" 3 (ax + bx")P dx
a(m+jp+1) ac"Jd (m+jp+1)

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.) p_,x_Symbol] :=
c"(j—l)*(c*x)"(m—j+1)*(a*x"j+b*x"n)"(p+1)/(a* (m+j*p+1 ) -
bx (m+n*p+n—j+1)/(a*c"(n—j) * (m+j*p+1) ) *Int [ (C*X) "(m+n—j) * (a*x"j+b*x"n)"p,x] /5

FreeQ[{a,b,c,m,p},x] && Not[IntegerQ[p]] & LtQ[0,j,n] && (IntegersQ[j,n] || GtQ[c,0]) && LtQ[m+jxp+1,0]

10



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p 11

6. J(cx)m(axj+bxn)pdx whenp¢z A j#n A -}ez Am+1#0 A m"Tlez

1: Jxm (axj+bx")pdlx whenp¢zZ A j#n A iLeZ Am+1#0 A m:—lez

Derivation: Integration by substitution
Basis: If mT—l e Z,then x"F[x"] = t Subst[F[anT], X, x™1] g, xm

Rule:lifpez A jen A ez amelzo A ez, then

Jx’" (a x3 + bx")?dx — Subst[J(a x$+bx;_1)pd1x, X, x'“"l]

m+1

Program code:

Int[x_"m_.x(a_.*x_"j_.+b_.xx_"n_)"p_,x_Symbol] :=
1/ (m+1) #Subst [Int[ (axx Simplify[j/(m+1) | +bxx Simplify[n/ (m+1)])~p,x],x,x"(m+1)] /;
FreeQ[{a,b,j,m,n,p},x] && Not[IntegerQ[p]] && NeQ[n,j] && IntegerQ[Simplify[j/n]] && NeQ[m,-1] 8&& IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ|[



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p 12

2: J(cx)m(axj+bxn)"d]x whenp¢z A j#n A %ez Am+1#0 A ﬁez

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

cIntPart[m] (c x) FracPart[m]

Basis: <x- -

xFracPart[m]

Rule:lf pez Aj#nAlezamelsron 1o ez, then

cIntPart(ml (¢ yyFracPartm]

~[(cx)’"(axj+bx")pd1x—> Jx'“ (axj+bx")pd1x

XFr‘acPar‘t[m]

Program code:

Int[ (c_»x_)"m_.*(a_.*x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
cAIntPart [m] « (cxx) AFracPart[m] /x*FracPart [m] +Int [x"m« (a*x"j+bxx"n)~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & Not[IntegerQ[p]] & NeQ[n,j] && IntegerQ[Simplify[j/n]] & NeQ[m,-1] && IntegerQ[Simplify[n/(m+1)]] && Not[Integer



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

7. f(cx)m(axj+bx")pdx when p+%ez AjEnAm+jp+1=20
1. J(cx)m(axj+bx")pdx when p+§ez AJ#EnAm+jp+1=0A (jez VvV c>0)

1: J(cx)m(axj+bx")pdx when p+§ez+/\ jEnAmM+jp+1=0A (jez Vv c>0)

Derivation: Generalized binomial recurrence 1b

Rule:if p+ 2 ez Aj#nAam+jp+1=0A (Jez V c>0),then

m+1 3j b x" P
()™ (ax] + bx7) +i (cx)™3 (axI+bx")P " ax
cp (n-3) cj

j(cx)"‘ (axj+bx")pdlx —

Program code:
Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=

(c*x) A (m+1) * (axx*j+bxx~n) Ap/ (cxp* (n-3)) + a/crjxInt[(cxx)”(m+j)* (axx j+bexrn)~(p-1),x] /;
FreeQ[{a,b,c,j,m,n},x] && IGtQ[p+1/2,0] && NeQ[n,j] & EqQ[Simplify[m+j«p+1],0] && (IntegerQ[j] || GtQ[c,0])

2. J(cx)m(axj+bx")pdx when p-%eZ‘ AJ#EnAm+jp+1=0 A (Jez Vv c>0)

x" .
1: —dlxwhenm::%—lAj#n

Vaxi+bx

Derivation: Integration by substitution

Basis: x3/2-1 o 2 Subst[1 :xz, x3/2 ) x3/2

X X
axJ+b x" ‘\/ax3+bx" ‘\/ax3+bx"

Rule:Iif m= 1 -1 A j # n, then



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

XM 2 1 x3/2
—dx — - - Subst[j . dx, x, —]
Vaxi+bx (n-3) 1-ax Vaxi+bx
Program code:

Int[x_"m_./Sqrt[a_.«x_"j_.+b_.*x_"n_.],x_Symbol] :=
-2/(n-j) Subst [Int[1/ (1-a*x"2),X],X,x"(j/2) /Sqrt[asx"j+bsx*n]] /;
FreeQ[{a,b,j,n},x] & EqQ[m,j/2-1] && NeQ[n,j]

2: J(cx)m (ax? +bx")" ax whenp+§EZ‘/\ jEnAm+jp+1==0A (jez Vv c>0)

Derivation: Generalized binomial recurrence 2b

Rule:lfp+%eZ‘/\j¢n Am+jp+1=0 A (je€Z V c>0),then
j-1 m-j+1 Iipxn)PHt 3 + +n-j+1
J-(cx)’"(axj+bx")pdlx—>—c (€ x) (ax x") +c (me+np+n-j )j(cx)m'j (axj+bxn)p+1dlx
a(n-j) (p+1) a(n-j) (p+1)

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.)"p_,x_Symbol] :=
—c"(j—l)*(c*x)"(m—j+1)*(a*x"j+b*x"n)"(p+1)/(a* (n—j)*(p+1)) +
c*j# (menxp+n-j+1) /(a% (n-3) # (p+1) ) #Int [ (c*x) A (m-3) » (a*x j+bsx~n)~ (p+1) ,x] /;
FreeQ[{a,b,c,j,m,n},x] && ILtQ[p+1/2,0] && NeQ[n,j]| & EqQ[Simplify[m+j+p+1],0] & (IntegerQ[j] || GtQ[c,O])



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

2: J(cx)'“(axj+bx")pdlx when p+iez AJ#EnAm+jp+1=0A - (jez Vv c>0)

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

cIntPart[m] (c x) FracPart[m]

Basis: <x- -

xFracPart[m]

Rule:if p+ 2 €z A j#n Am+jp+1-=0,then

cIntPart(m] (¢ yyFracPart(n]

J(cx)’"(axj+bx")pd1x—> Jx'“ (axj+bx")pd1x

XFr‘acPar‘t [m]

Program code:

Int[ (c_»x_)"m_.*(a_.*x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
cAIntPart [m] « (cxx) AFracPart[m] /x*FracPart [m] +Int [x"m« (a*x"j+bxx"n)~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & IntegerQ[p+1/2] && NeQ[n,j]| && EqQ[Simplify[m+j«p+1],0]

15



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

X. Jx"‘ (ax? +bx")"dx whenj#n

1: Jx'" (ax?+bx")?dx when j#n Am+jp+1=:0

Note: Although this antiderivative appears simpler than that produced using piecewise constant extraction,
Mathematica 8 has a hard time differentiating it back to x» (ax3 +bx)®.

Rule:lf 5 #n Am+jp+1-=9,then

(a x3 + bx")p+1

) a
jx’" (axd +bx")Pdax — Hypergeometr‘icZFl[l, 1, 1-p, - ]

bp (n-3) x"P b x"-3

Program code:

(*» Int[x_"m_.*(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=
(a#x~j+bxxn)~ (p+1) / (bxpx (n-3) #x~ (n+j=p) ) Hypergeometric2F1[1,1,1-p,-a/ (b*x"(n-3))] /;
FreeQ[{a,b,j,m,n,p},x] && NeQ[n,j] & EqQ[m+jxp+1,0] *)

16



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

2: Jx’“ (ax?+bx")?dx when j#n Am+n+ (p-1) j+1==0

Note: Although this antiderivative appears simpler than that produced using piecewise constant extraction,
Mathematica 8 has a hard time differentiating it back to x» (ax3 + bx")®.

Rule:lf j#n Am+n+ (p-1) j+1=20,then

(a xJ + bx")p+1

fx"‘ (a xI+b x") Pdx — Hypergeometric2F1 [1, 2,2-p, -

b(p-1) (n-3) x2n+3 (p-1) bx"'j:|

Program code:

(*» Int[x_"m_.#(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=
(a*x~j+bxx~n)~ (p+1) /(b (p-1) » (n-3) #x* (2%n+Jj* (p-1) ) ) Hypergeometric2F1[1,2,2-p,-a/(b*x"(n-3))] /;
FreeQ[{a,b,j,m,n,p},x] && NeQ[n,j] & EqQ[m+n+(p-1)+j+1,0] *)
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Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

3: Jx"‘ (axj+bx")pd1x when j#n Am+jp+1#0 Am+n+ (p-1) j+1#0

Note: Although this antiderivative appears simpler than that produced using piecewise constant extraction,
Mathematica 8 has a hard time differentiating it back to x» (ax3 + bx")®.

Rule:lf j#n Am+jp+1+0 Am+n+ (p-1) j+1+0,then

X341 (axd 4 pxn) Pt ) menp+1 m+jp+1
Hypergeometr'chFl[l, +1, +1,

n-j n-j a

n-j
jx'“ (axj+bx")pdlx—> _bx ]
a(m+jp+1)

Program code:

(*» Int[x_"m_.*(a_.#x_"j_.+b_.*x_"n_.)"p_,x_Symbol] :=
(X~ (m-3+1) » (axx*j+bsx~n) A (p+1) ) / (ax (m+j+p+1) ) «Hypergeometric2F1[1, (m+nxp+1) /(n-3) +1, (m+j*p+1) /(n-3) +1,-b*x"(n-3) /a] /;
FreeQ[{a,b,j,m,n,p},x] && NeQ[n,j] && NeQ[m+j+p+1,0] & NeQ[m+n+(p-1)+j+1,8] *)

8: j(cx)“‘ (axj+bx")"d1x whenpé¢z A j#n

Derivation: Piecewise constant extraction

j p

i (cx)™ (ax3+bx"

Basis: 0, (<" . Z .
XM+ p <a+b an)

1ce (ex)™ cIntPart(m] (¢ ) FracPart[m]
BaSIS. x" = xFracpartm]
Basis: (a xJ+b Xn)p (axj+bxn)FracPart[p]

. xip (a+b xn-J ) P xJ FracPart[p] (a+b Xn’j> FracPart[p]

Rule:lf p¢ Z A j # n,then

(ex)" (axd +bx")?

j(cx)'“(axj+bx")pdlx — jxm+jp(a+bx"‘j)pd1x

x™3P (a+bx"7)P



Rules for integrands of the form (c x)~"m (a x~\j+b x~n)"~p

cIntPart[m] (€ x) FracPart[m] (a xi +b X") FracPart[p]
— x™IP (a+bx"7)Pdax
xFracPart[m] +j FracPart[p] (a +b xn—j) FracPart[p]

Program code:

Int[ (c_.*x_)™m_.(a_.*x_"j_.+b_.#x_"n_.) p_,x_Symbol] :=
cAIntPart [m] x (cxx) *FracPart[m]  (a*x"j+bxx"n)~FracPart [p1/
(x~ (FracPart[m] +j*FracPart[p])« (a+bxx”(n-j))~FracPart[p])«
Int[x”(m+j*p) = (a+bxx”(n-3))~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & Not[IntegerQ[p]] & NeQ[n,j] && PosQ[n-j]

S: ju"‘ (avj+bv")pdlx whenv=c+dx A u=ev

Derivation: Integration by substitution and piecewise constant extraction

Basis: If u == e v, then oy & =

Rule:If v=c+dx A u = ev,then

m

Jum (a Vi bv")Pdx — Subst[jx“1 (a x3 + bx")"dx, x, v]

dv"

Program code:

Intu_"m_.x(a_.*v_"j_.+b_.*v_"n_.)"p_.,x_Symbol] :=
u"m/(Coe-F-Ficient [V5X,1] #vm) #Subst [Int [x"m (a*x"j+bxx"n)*p,x],x,v] /;

FreeQ[{a,b,j,m,n,p},x] && LinearPairQ[u,v,Xx]
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